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Particle-laden filaments from a draining suspension’

Benjamin C. Druecke ?* Alireza Hooshanginejad,* Ranit Mukherjee,® Parham Poureslami,®
and Sungyon Lee*¢

We investigate the drainage of a suspension of non-colloidal particles from an air-filled vertical Hele-
Shaw cell. When the channel gap thickness is comparable to the particle size, the suspended particles
move slower than the draining fluid and cause interfacial deformations as they push against the
receding oil-air interface. Distinct from the classic viscous fingering, the resultant patterns comprise
thin particle-laden filaments that grow normal to an otherwise flat receding interface. When we
further increase the drainage rates, we recover the classic Saffman-Taylor instability that is enhanced
by the effective viscosity of the suspension. To rationalize the onset of this particle-scale instability,
we derive a simple scaling law based on the force balance on a single particle entrained in a draining
fluid, in reasonable agreement with our experimental data. We demonstrate that the resultant
instability indeed comes from the dynamics of individual particles by reproducing it with a single

particle for a narrower range of experimental parameters.

1 Introduction

Viscous fingering, one of the classic interfacial instabilities, refers
to the growth of finger-like deformations of the fluid-fluid inter-
face when a less viscous fluid displaces a more viscous fluid in-
side a confined channel™, Originally motivated by petroleum
recovery processesm@'@, viscous fingering is widely studied as an
“archetype” of pattern formation and growth in condensed matter
physics?, which has analogies in growth of bacterial colonies®,
dendritic growth®, flame propagation®®, and diffusion-limited
aggregation[ﬁ].

Recent studies have demonstrated that the flow configurations
that lead to viscous fingering can be expanded by introducing
non-colloidal particles with diameters on the order of 100um.
For instance, injecting a particle-oil mixture into a Hele-Shaw cell
gives rise to ‘particle-induced viscous fingering’, even in the ab-
sence of the destabilizing viscosity difference between the invad-
ing suspension and defending air’2"18. In this flow configuration,
suspended particles migrate towards the centerline between the
plates due to shear-induced migration2% which causes them
to move faster than the mixture and accumulate on the advanc-
ing oil-air interface. The particle accumulation on the interface
results in an unstable viscosity gradient inside the suspension,
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leading to viscous fingering.

Going beyond dynamic changes in effective viscosity, the gran-
ular nature of the suspension—the characteristics stemming from
its discrete particles—can also affect viscous fingering. One man-
ifestation of its granular nature is the frictional contact between
the particles and also with the walls. There have been a number
of studies investigating the injection of air into the mixture of lig-
uid and heavy particles inside a two-dimensional (2D) cell2123]
Broadly termed “frictional fluid dynamics”, these lab experiments
reveal that the particles can settle out of the liquid and form a
compaction layer on the advancing interface, imposing a fric-
tional stress across the thin gap. Once the compaction layer
forms, the finger width is set by the competition between par-
ticle friction, surface tension, and the injection pressure. Owing
to its localized nature, frictional fingering can occur even without
a destabilizing viscosity ratio similar to ‘particle-induced viscous
fingering’, as recently demonstrated by Zhang et al.24,

In both particle-induced viscous fingering and frictional finger-
ing, the effects of particles on the fluid-fluid interface are realized
on a length scale that is inherently larger than the individual par-
ticles themselves. In the case of particle-induced viscous finger-
ing, the gradient in viscosity responsible for fingering scales with
the size of the particle accumulation zone and occurs on a length
scale two orders of magnitude larger than the particles 4117125
For frictional fingering, the key length scale is the size of the fric-
tional compaction layer whose growth is governed by the flux of
particles to the advancing front and the stretching of the finger22.
The compaction layer is shown to be at least an order of magni-
tude larger than the particle diameter2/#23. By contrast, limited
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Fig. 1 (a) Schematic of the experimental set-up: The vertical Hele-Shaw cell comprises two glass plates separated by gap distance b. The suspension
of particles with diameter d and uniform volume fraction ¢ is withdrawn at a constant flow rate Q, and interface velocity V;. Suspension experiments
for ¢ =0.05, d =525um, b=2885um (i.e., b/d = 1.61): (b) snapshots from the experiments (V; = 1.5 mm/s) showing stable interface at 7o =0 s, and
115 =30 s; (c) snapshots showing particle-laden filaments (V; =3.7 mm/s) at 155t =0's, 11 pf =20 s, and 1, ,r = 60 s; (d) snapshots showing air viscous
fingers (V; = 10.5 mm/s) at oo =0's, t1 ;s =4 s, and f 4 = 12's. We include the zoomed-in image of particle-laden filaments in the inset of (c). All

scale bars show 5 cm.

studies point to the particle-scale effects on viscous fingering, in-
cluding a particle-scale “noise” to the propagating ﬁngeI@. More
recently, Luo et al.2Z uncovered the emergence of particle-scale
fingers, when oil is injected into the mixture of the same oil and
highly-confined particles. Here, when the smallest system dimen-
sion (i.e., channel thickness) approaches the particle size, we can
observe the effects of finite particles on the invading front. This
is similar to the particle-scale effects observed during the suspen-
sion droplet pinch-off, when the size of the liquid thread becomes
comparable to the size of suspended particles28733,

In this paper, we demonstrate the particle-scale effects on
pattern formation in a straightforward extension of the classic
Saffman-Taylor experiments®l. In their seminal work, Saffman
and Taylor discovered viscous fingering when air (fluid 1) dis-
places viscous liquid (fluid 2) inside a vertical Hele-Shaw cell.
In the present experiments, we use the mixture of non-colloidal
particles and silicone oil as the defending fluid (fluid 2), instead
of pure viscous liquid as used by Saffman and TaylorY. Upon
draining the suspension from the vertical channel, we observe
the emergence of particle-laden filaments that grow normal to
the stable receding oil-air interface, when the channel gap thick-
ness is comparable to the particle diameter. In contrast to clas-
sic fingering in which air actively invades the draining fluid, this
physical regime shows the suspension being “left behind” upon
drainage in long filaments. We illustrate that these filaments are
governed by the competition between destabilizing viscous effects
and stabilizing effects of surface tension. As the drainage speed is
increased, the particle-scale filaments and macroscopic (Saffman-

2| Journal Name, [year], [vol.], 1

Taylor) fingers appear together, forming a complex two-tiered fin-
gering typology.

The manuscript is organized as follows. In Section [2| we in-
troduce the experimental set-up, while the results of the suspen-
sion experiments are discussed in Section In Section 4, we
describe the physical mechanism behind the particle-scale thread
and demonstrate its barebones physical ingredients with the dis-
crete particle experiments. Finally, we conclude the paper with
the summary and discussion of future studies in Section 5.

2 Experimental methods

As shown in the schematic in Fig. a), the experimental set-
up is a vertical Hele-Shaw cell comprising two rectangular glass
plates (width w=26.7cm). The plates are separated by a gap
thickness b whose value can be adjusted using metal shims (Mc-
Master). We load into the cell the mixture of silicone oil (UCT,
density p, =0.96g/cm?3, viscosity u, =0.096Pa-s, interfacial ten-
sion y=21mN/m) and non-colloidal polyethylene particles (Co-
spheric) with diameter ¢ and density p, =0.98 g/ecm?. As over
90% of the particles fall within 5% of the mean diameter, the re-
sultant suspension is considered fairly monodisperse.

The suspension with solid volume fraction ¢ is drained from
the bottom of the cell at a constant volumetric flow rate Q, im-
mediately after it has been loaded into the cell. This ensures
that particles remain suspended in oil during the time scale of
the experiments. Furthermore, the characteristic particle settling
speed, given by (pp — p2)gd?/(18uy), is less than 5% of the low-
est drainage speed in a typical experiment. Hence, we reasonably
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consider the particles to be neutrally buoyant in this work.

Once the drainage flow is imposed, air (p; = 1.2kg/m>, u; =
1.8 x 1073 Pa-s) displaces the suspension at a mean interfacial
speed V;. We image the dynamics of the draining suspension with
a Canon 60D camera (1920 x 1080 pixel images) that is placed in
front of the vertical cell. We measure V; by tracking the mean po-
sition of the interface over time and validate its value against the
imposed flow rate Q. Our measurements included in Appendix
A demonstrate that the experimental values of V; deviate from
Q/(bw) on average by 11.1%. Accordingly, we use the experi-
mentally measured values of V; in subsequent analyses, instead of
simply assuming V; =~ Q/(bw). Finally, for a given particle-oil mix-
ture (¢ and d), we focus on the dynamics of the air-suspension
interface upon drainage, as we systematically vary the interfacial
speed V; via changes in Q or b and the channel confinement b/d.

3 Suspension experiments

3.1 Qualitative observations

While the experimental results are general for a wide range of
¢ and d, we presently focus on the case of § =0.05, d =525um,
and b=885 um, as we vary V;. Our complete experimental data in-
cludes ¢ =0.05,0.1,0.2,0.3 at d=>525 um (see Appendix B). Going
back to the particle-free experiments where air (fluid 1) invades
viscous liquid (fluid 2), Saffman and Taylor! identified the critical
velocity, V2, for the onset of viscous (air) fingering as

w _ (P2—p1)gh?
Vair = 12(pp — 1)’ W
where g = 9.8m/s? is the gravitational acceleration. Notably, Vi
is set by balancing the destabilizing effects of the viscosity dif-
ference between the defending and invading fluids, p, —pu;, with
the stabilizing effects of the density difference, p, —p;. As the
effective viscosity of the suspension increases with ¢, the critical
velocity Vo, =(p(¢) — p1)gb?/[12(u () — up)] for the classic finger-
ing onset is expected to be lower than the pure oil limit, or V7.
To estimate V,;:(¢), we set the effective density of the suspen-
sion as p(¢) = p2(1 — ¢)+ pp¢ and use the following empirical
expression for  ¢) by Morris and Boulay=*:

M:Hz.sq)m ¢ 0

W om—¢ (dm—9)*’
where ¢p, = 0.64 is the maximum packing fraction. We acknowl-
edge that Eq. is intended for an unconfined suspension and
may underestimate the viscosity in the monolayer limit2>. How-
ever, it is sufficient for capturing the effects of suspended par-
ticles on air fingering in a dilute regime. Accordingly, V,; for
¢ = 0.05 corresponds to 5.6mm/s, which is slightly lower than
Vi~ 6.4mm/s.

As demonstrated in Fig. [I[(b), at V; = 1.5mm/s far below Vy,
the suspension-air interface remains flat as it recedes uniformly
upon drainage. This corresponds to the stable regime. When V; is
increased to 3.7mm/s but still below V,;;, we observe the forma-
tion and growth of thin particle-laden filaments perpendicular to
the receding interface that remains relatively flat. As evident in
Fig. [I{(©), the width of the filaments is comparable to the particle

+0.1 (2)
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size. In addition, the thin filaments tend to emerge from areas
along the interface with higher particle concentrations (see the SI
movie). Hence, their spacing depends on the particle distribution
along the interface, which is not uniform. We refer to this behav-
ior as “particle-scale fingering”. Note that fingering here refers
to the finger-like shape of the fluid-fluid interface, which is not
limited to the classic Saffman-Taylor instability.

AsV, is further increased, the number and length of the particle-
laden filaments proportionally increase. As V; approaches Vj;,
the interface between the filaments starts to deform and form
large-scale air fingers over time. Finally, for V; = 10.5mm/s which
exceeds V,;;, the particle-laden filaments and air fingers appear
together, forming a complicated interfacial topology comprising
both large-scale and particle-scale fingers. The evolution of this
fingering behavior is clearly demonstrated in Fig. [T[(d). At early
times (f) o¢), the particle-scale fingers first appear on the reced-
ing suspension-air interface. However, distinct from the parti-
cle fingering regime, the interface is no longer flat but is curved
downward between the particle-laden filaments, which we refer
to as air fingers. Over time (¢, »¢), the air fingers grow and even
exhibit tip-splitting as observed in the classic viscous fingering ex-
periments, while particle-scale fingers persist. We refer to this
globally unstable regime as “air fingering”.

3.2 Effects of channel confinement

The results discussed in Sec. demonstrate the importance of
the drainage speed in setting the fingering regimes at given ¢.
While increasing ¢ tends to lower the interfacial speeds at which
the draining suspension becomes unstable (see Appendix B), the
qualitative behavior of the receding air-suspension interface is not
strongly dependent on ¢. Hence, we fix ¢ =0.05 and d =525 um
and systematically vary V; via the changes in Q and the gap thick-
ness b. As varying b for given d leads to the changes in the level
of channel confinement, we hereby experimentally quantify the
dependence of the fingering regimes on b/d, in addition to V;.
The phase diagram in Fig. a) summarizes different behaviors
of the draining suspension as a function of b/d and Ca, where
Ca = pV;/y is the capillary number. For all values of b/d, the
receding suspension-air interface remains stable for Ca — 0 (see
Fig. [I{b)); we mark the experiments that yield a stable interface
with a diamond in Fig. a). Then, as Ca (or V;) is increased
above Cay;, = UsVair/Y, We observe the emergence of air fingering
(circle), an example of which is shown in Fig. d). Here, Cay;;
follows the air fingering criterion by Saffman and Taylor:

(B2 (29)= i)
= () Viato) @

and Cay;, is denoted with a dashed line in Fig. [2[(a). This illus-
trates that air fingering indeed corresponds to the classic Saffman-
Taylor instability, in which the presence of suspended particles
primarily modifies the effective viscosity and density of the drain-
ing suspension. At the same time, the discrete nature of the par-
ticles does not play an important role in this regime.

In contrast to air fingering, Fig. [2[(a) reveals that particle-scale
fingering is highly dependent on the value of b/d. For b/d < 2, the
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Fig. 2 (a) The phase diagram summarizing different interfacial behaviors: stable (diamond), particle-scale fingering (square), and air fingering (circle)
as a function of Ca and b/d. The transition from particle-scale fingering to particle deposition (triangle) with increasing b/d is also evident in the phase
map. We circle two points (Ca,b/d) in the phase diagram whose experimental images are included in (b) and (c), respectively. Experimental images
showing particle deposition for b/d =2.77 at two different capillary numbers: (b) Ca=0.070 (red solid circle); (c) Ca=0.017 (red dashed circle).

particle-laden filaments emerge from an otherwise flat interface
(see Fig. c)), as Ca is increased from the stable regime but re-
mains below Ca,;,. We denote this onset of particle-scale fingering
as Cap, which we will rationalize in Sec. For b/d > 2, we no
longer observe particle-scale fingering; instead, the particles are
deposited onto the wall as the suspension drains in this relatively
low confinement regime. The particle deposition is caused by the
entrainment of suspended particles into the thin film of oil that
wets the wall, as frequently observed in dip coating and drainage
flows=0"41l The thickness of the wetting film 4™ is given by#2#2.:

0.67Ca%/3

ettt 4
1 +3.55Ca%/3 )

W

o~
This scaling for 4~ was first developed by Bretherton based on
lubrication approximations#2 and should hold in the thin film ge-
ometry (i.e., h”/b < 1) and in the limit of zero inertia.

The particle entrainment is driven by viscous drag on the parti-
cle, while the particle-induced interfacial deformation generates
a capillary force that resists entrainment=24¢, By combining the-
ory and experiments, Jeong and colleagues®> demonstrated that
the location of the stagnation point on the meniscus, 4y, is given
by hs = 3hw, and particles whose diameter d is smaller than A
tend to become entrained into the wetting film, as the viscous
force overcomes the capillary force. Based on this criterion, the
minimum capillary number above which individual particles are
likely entrained corresponds to

b (-3/2)
Cay, ~ {4.02 (3> - 3.55] .

The onset of particle deposition predicted by Ca;, is consistently
higher than our experimental data.

()

This discrepancy between theory and experiments can be ex-
plained by noting that Ca;, is set for individual particles, not sus-
pensions. When multiple particles are present in the draining

4 Journal Name, [year], [vol.], 1

oil, suspended particles tend to form clusters and get entrained
into the thin film at a fraction of Ca;,, or aCa;,, where a < I.
This rather counterintuitive result was first explained by Colosqui

1.2 whose simulations show the particles assembling into a

eta
packed monolayer in dip coating flows. The resultant monolayer
experiences enhanced viscous drag, while the local interfacial cur-
vature and the resultant capillary force are reduced. As a result,
the particle cluster in a monolayer is entrained into a wetting film
at a capillary number that is lower than Ca;,. Then, the onset of
particle deposition in our experiments is well described by setting
a ~0.3, as aCa;, is denoted with a dash-dotted line in Fig. [2|(a).
This empirical value of o matches the findings of Sauret and col-
leagues4® who experimentally measured Ca of cluster entrain-
ment upon dip coating of suspensions. Specifically, at ¢ = 0.05,
they found that Ca of cluster entrainment is approximately 30%
of Caj,, or a ~ 0.3, while a increases to approximately 0.5 at
¢ =0.02.

To illustrate the changes in particle deposition with the
drainage speed, we include two experimental images at b/d =
2.77, for two different values of Ca. At Ca = 0.070 far above
Caj, ~ 0.027, individual particles are deposited onto the glass
wall, as evident in the image in Fig. [2((b). By contrast, the ex-
perimental image in Fig. [2(c) reveals particle clusters that are
left behind as the air-oil interface recedes at Ca = 0.017, slightly
above aCaj, ~ 0.014. This confirms that the presence of neigh-
boring particles indeed enables the particle entrainment into the
wetting film far below Ca;, via cluster formation.

Going back to the fingering regimes in Fig. |2} air fingering ap-
pears mostly unaffected by particle deposition as the two regimes
are observed together. This is also evidenced by the fact that the
onset of air fingering is reasonably predicted by Cay;; in Eq. (3) for
the entire b/d range. Similarly, particle-laden filament and parti-
cle deposition regimes are expected to overlap when b/d > 1.90
and Ca < Cay, as oCay, intersects Ca,, at b/d ~ 1.90. However,
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the formation of particle-laden filaments appears to be “over-
taken” by particle deposition, which hints at the close connection
between the two regimes. In the next section, we describe the
physical mechanism behind particle-scale fingering as well as its
similarities and differences to particle deposition.

4 Discrete particle experiments

4.1 Physical mechanism of particle-scale fingering

The experimental observations in Fig.[2]suggest that the following
two physical conditions are necessary to induce particle-scale fin-
gering: (i) high channel confinement (i.e., small b/d) and (ii) suf-
ficiently large Ca that remains below Cay;,. First, the high channel
confinement ensures that the particles may move slower than the
average drainage velocity V; even at the channel centerline, as nu-
merically simulated for a single particle inside a pressure-driven
channel flow#Z. The experiments of highly confined particles in-
side a 2D channel2748 also confirm a lag in the particle speed
V}, relative to the background flow, leading to dipolar interactions
between particles. Since V,, < V4, particles tend to collect near
the receding oil-air interface. At the same time, small b/d ensures
that the particles do not become entrained into the wetting film
unless Ca is increased far above Cay;, for b/d < 1.90.

To rationalize the minimum drainage speed, or the critical cap-
illary number Cap, needed to induce particle-scale fingering, we
consider a single particle on the receding oil-air interface for
simplicity. This follows from our conjecture that the presence
of neighboring particles may enhance but is not required for
the particle-scale liquid thread to form. To demonstrate this,
we conduct experiments with a single particle with d ~ I mm
that is drained downward inside a vertical Hele-Shaw cell with
b=1035um (i.e., b/d ~ 1.04). The drainage speed at the onset
of air fingering corresponds to V. ~ 8.7mm/s via Eq. (I). At
Vi = 6mm/s <V, the particle in Fig. a) first approaches the
receding interface, confirming that a highly confined particle may
move slower than the background flow. We further quantify this
by plotting the particle speed V,, together with V; as a function of
time in Fig.[7(a), which shows that V,, < V; initially. Once the par-
ticle meets the receding interface, the interface resists deforma-
tion due to the effects of surface tension and causes the particle
to move down at V;, corresponding to the stable regime. Accord-
ingly, V,, coincides with V; at this time in Fig. |Z|(a).

When V; is increased to 10mm/s above V., the particle on
the interface behaves as a disturbance that initiates the Saffman-
Taylor fingering, as shown in Fig. [3|(c). Similar to the stable
regime, V, is shown to catch up to V; after it reaches the interface
(see Fig.|2|(c)). Finally, at V; = 7mm/s < V7, in Fig.b), the parti-
cle upon reaching the interface continues to move slower than V,
and generates a particle-scale fingering. We emphasize again that
fingering here refers to the finger-like deformation and stretching
of the interface, not limited to the Saffman-Taylor instability. The
particle slowdown relative to the interface is made clear in the
plot of V, and V; in Fig. |Z|(b), which shows V}, fluctuating in value
consistently below V;.

The transition from the stable regime to particle-induced fin-
gering in Fig. [3(b)-(c) can be understood by considering the
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Fig. 3 (a) Snapshots from the single-particle experiments showing stable
interface for b/d ~1.04 (i.e., d =1000um, b =1035pum) and Vi =6 mm/s
at 7 =0s, 11j3,=6s, and s =10 s. (b) Snapshots from the single-
particle experiments showing particle-scale fingering for b/d ~ 1.04 and
Vi=1 mm/s at fopr = 0s, Hpf = 3s, t pf = 4, 13 pf = 5 s, and 4 pf = 9s.
(c) Snapshots from the single-particle experiments showing air fingering
for d =1000um, b=1035um, and V; =10 mm/s at 1y, =0's, tj ;4 =6's,
Dat =9, 1306 =12's, and 14,4 = 15 s. All scale bars show 1 cm. (d) The
schematics of the forces acting on a single particle on the interface.

forces acting on the particle when it reaches the interface. We
set Vp = V; and derive the scaling for the minimum drainage
speed for particle-induced fingering, by making a number of
significant assumptions we outline here. First, we assume the
flow around the particle can be modeled using Darcy’s law (i.e.,
dp/dx = prg — 121,V /b?) and neglect the effects of the fluid-fluid
interface on the flow. Second, we consider a highly confined parti-
cle (i.e., b/d — 1) that is positioned at the centerline between the
two vertical walls. In this limit, we break up the forces on the par-
ticle into the pressure drag from the Darcy flow and the viscous
shear on the particle due to the proximity to the no-slip walls.
Given these major simplifications, the objective of our model is
to qualitatively capture the dependence of Ca, on b/d with the
minimum physical ingredients, instead of making a quantitative
prediction.

As illustrated in the schematic of Fig. [3|(d), the particle in con-
tact with the draining interface is bound to deform the interface.
This generates the surface tension force, Fy, < yd, that pushes
the particle in the x-direction. At the same time, the particle ex-
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periences the pressure drag from the surrounding flow:
T Vi
Foress = gdS [12”217; *Pzg} ; (6)

which we estimate based on Darcy’s law. Since the particle
density p, closely matches p,, the pressure drag contribution
from the body force is canceled out by the particle weight, W =
(m/6)ppgd®. Due to the channel confinement, there is an addi-
tional viscous force coming from the thin lubricating layer be-
tween the particle and the walls, Fyj, o< 2ty nd?V;/ (b —d), as illus-
trated in Fig. d). While Fyress and Fy,,¢ push the particle down
in the x-direction, F,s. tends to slow down the particle and push
it towards the interface, hence, inducing particle-scale fingering.

Putting all the forces together, we arrive at the following force
balance in the x-direction:

Y %)

V;
27d> ) — +Cyd = Brd* iy —————
nd 5 +Cvd = B RG=an

where C and 8 are the unknown prefactors. We set C = 1 for sim-
plicity and re-organize Eq. to derive the following expression
for the critical capillary number for particle fingering, or Cap:

) R

We plot the resultant Ca,, as a function of 5/d in Fig. a), which
reasonably describes the boundary between the stable and parti-
cle fingering regimes when we set 8 ~ 6.9. Here, we emphasize
again that the quantitative match between the model and the ex-
periments is unimportant, especially given that the value of  was
fitted to achieve this. The primary goal is to show that Eq.
captures the increasing trend in Ca, with b/d, despite the num-
ber of significant simplifications in the model. In addition, since
the derivation of Eq. is strictly valid for b/d — 1, we expand
Ca,, in the limit of € — 0, where € = (b/d) — I:

1 [e & 3
Capzﬁ |:E+E+0(£‘):|, (9)
Eq. (9) predicts that, to the leading order, Ca, increases linearly
with b/d and vanishes at b/d = 1, which matches the experimen-
tal data in Fig. [2(a).

Going back to the physical mechanism, particle-scale fingering
is caused by the enhanced viscous stresses on the particle and is
resisted by the combination of surface tension and the pressure
drag coming from the surrounding flow. This has a clear parallel
to the physical mechanism of particle deposition, where viscous
drag opposes the surface tension force224°. However, particle-
scale fingering does not require the particle to be entrained into a
thin wetting film. The only requisite condition for a particle-scale
finger to form is for the particle to move slower than the draining
interface, which holds for particles whose size is comparable to
the gap thickness so that Fijsc > Fpress + W. When such large par-
ticles encounter the receding interface, they cause the visible in-
plane interfacial deformation, that we refer to as a “particle-scale”
instability.

The distinction between particle-scale fingering and particle de-
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position becomes more clear when we consider how the onset of
the two regimes varies with b/d. In contrast to Ca,, that increases
with b/d, the minimum capillary number at which particle depo-
sition is observed decreases with b/d. As discussed in Sec.
for a particle (or a particle cluster) to be entrained into the thin
film, its size must be comparable to the thickness of the wetting
film A* that increases with b and the capillary number. Hence,
a particle or a particle cluster that is entrained into the thin film
is likely not large enough to generate an in-plane deformation of
the interface. This renders the two regimes mostly mutually ex-
clusive, as evident in Fig. [2J(a). However, there are exceptions to
this general trend, which we discuss in Sec. 4.2

4.2 Effects of neighboring particles

While the physical mechanism of particle-scale fingering can be
rationalized with a single particle, the presence of multiple parti-
cles in the draining oil affects the fingering onset. When a mix-
ture of non-colloidal particles and oil drains from a vertical cell,
particles tend to form clusters near the receding oil-air interface,
which enhances the effective viscous force Fy;s. and is more likely
to yield particle-scale fingering. In some cases, particle clusters
that deform the receding interface can also come into contact
with the wall and become stationary. Such clusters become de-
posited onto the wall and also form particle-laden filaments that
eventually pinch off. This corresponds to the rare cases where
particle-scale fingering and particle deposition appear together.

We can qualitatively observe the evidence of cluster formation
in the drainage experiments (i.e., d = 1000 um and b = 1035 um),
where we systematically increase the number of particles n from
one to four (by one particle increment) and then up to 30, as
shown in Fig. [4[(@). Excepting the case with only one particle,
multiple particles are shown to be part of a growing finger, indi-
cating that neighboring particles form a cluster and collectively
cause the interfacial deformation.

Analogous to particle deposition, the cluster formation tends
to expand the physical parameter space (i.e., lower V; and larger
b/d) under which particle-scale fingering is observed. We again
demonstrate this by conducting drainage experiments with an in-
creasing number of particles n and observing the dynamics of the
receding interface for varying V;. Since we are working with a
very small number of particles, the resultant behaviors are sen-
sitive to each particle’s initial position inside the gap that cannot
be precisely controlled. In fact, our simple scaling law for Ca, in
Eq. assumes the particle travels at the centerline between the
two walls. A particle that is off-center would rotate due to flow
asymmetry, which changes the force and torque balance. Hence,
we do not expect Eq. to be able predict the onset of particle
fingering even for a single particle whose position inside the gap
is not known and cannot be controlled. This renders obtaining
consistent experimental results difficult. Hence, at given n and V;,
we repeat the experiments at least five times and plot the prob-
ability p of different fingering regimes that are observed, instead
of aiming to pin down the onset of particle-scale fingering.

The plots in Fig. @(b)-(f) indeed show that the overall occur-
rence of particle-scale fingering increases when more particles are
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Fig. 4 (a) Snapshots of discrete particles experiments showing particle-scale fingering for n =1, 2, 3, 4, and 30 particles with d = 1000 um and
b=1035um, or b/d ~ 1.04. The scale bars show 2 mm. (b) Single-particle, (c) two-particles, (d) three-particles, (e) four-particles, and (f) thirty-

particles probability plots for b/d ~ 1.04, as a function of V;/V.

added to the draining oil. Furthermore, particle fingering is ob-
served at increasingly lower V; with increasing n. For instance,
for a single particle, the minimum drainage speed at which par-
ticle fingering is observed corresponds to V;/V;: ~ 0.69, where
Vi~ 8.7mm/s. With n =4, the minimum speed decreases to
Vi/Ve = 0.52, while we observe particle fingering 100% of the
time for V;/V as low as 0.44 at n = 30. In addition, the probabil-
ity plots reveal that air fingering occurs consistently for V; > V7,
again validating that air fingering is insensitive to the granular
nature of the suspended particles. When n is increased to four
and then to 30, air fingering is observed at V; ~ 8.37mm/s, which
is slightly below V> ~ 8.74mm/s. This indicates that as little as
four particles may locally increase the effective viscosity of the
draining mixture, which in turn lowers the minimum speed for

air fingering.

Finally, it is important to point out that suspension experiments
yield mostly consistent results, despite the probabilistic nature of
individual particle experiments. As previously described, for a
single particle, its position inside the gap is important in deter-
mining the critical interfacial speed to generate a particle-scale
thread. When many particles are present in the draining liquid,
they form a cluster near the interface, which renders their pre-
cise position inside the gap unimportant. This is why the onset of
instability is no longer probabilistic for a suspension, which is al-
ready evident even with the 30-particle experiments in Fig. F{(f).
Furthermore, we hypothesize that the characteristic size of the
particle cluster likely increases with the particle concentration ¢,
which in turn lowers the critical interfacial speed for the particle-
scale finger formation. This is consistent with the result of our
additional suspension experiments in Fig.[6] that shows a decrease
in Ca, with increasing ¢.

5 Conclusions

In this paper, we experimentally demonstrate the emergence of an
interfacial instability that depends on the granular nature of the
suspension, when the particle and oil mixture drains from a verti-
cal Hele-Shaw cell. For all channel confinement b/d, the receding
suspension-air interface remains stable at low interfacial speed V;,
while classic air fingering is observed at high Vi, or V; > V,;,, where
V,ir follows the criterion set by Saffman and Taylor'Y. Then, only
in a highly confined regime (i.e., 1 < b/d < 2), we observe nar-
row, particle-rich interfacial fingers that grow perpendicularly to
a relatively flat receding interface at intermediate V;. We exper-
imentally quantify this fingering regime by constructing a phase
diagram as a function of the capillary number Ca and b/d. The
resultant phase diagram confirms the emergence of particle-scale
fingering in a highly confined regime, which transitions to the
entrainment of particles into the wetting film at larger »/d, also
observed in dip coating and drainage flows4546

We hypothesize that particle-scale fingering stems from the en-
hanced viscous forces on a draining particle due to the channel
confinement. Based on the force balance on a single particle, we
derive a scaling law for the critical capillary number for particle-
scale fingering Ca,, in good qualitative agreement with the exper-
imental data. Furthermore, as the physical mechanism described
should be realizable with a single particle, we conduct a series
of drainage experiments with single particles. These additional
experiments reveal that particle-scale fingering can indeed occur
with just one particle but is greatly aided by the presence of neigh-
boring particles that expand the parameter regime (i.e., lower V;)
in which particle-scale fingering is observed.

Along with the recent work by Luo et al.2Z our experi-
ments demonstrate particle-scale morphologies in the displace-
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ment flows involving non-colloidal particles, as the channel gap
approaches the size of the suspended particles or particle clus-
ters. The emergence of length scales that are comparable to the
finite particle size distinguishes the current system from the clas-
sic Saffman-Taylor instability with pure fluids. At the same time,
particle-scale fingering is driven by viscous effects and is distinct
from frictional fingering that requires the frictional contact be-
tween the particles and the walls21723120,

Future work involves quantifying and controlling particle-laden
filaments for wider experimental parameters, including uncover-
ing what sets the length of the particle-laden filaments. In ad-
dition, recent computational studies2>%>1 have revealed strong
effects of the channel confinement on the suspension rheology in
a highly concentrated regime. For instance, Fornari et al.®! found
that the viscosity of a dense suspension is reduced when the gap
size is about twice the particle diameter. This is attributed to
the particles self-organizing into two “sliding” layers®l. Hence,
it would be of great interest to revisit our current experiments
with a much higher concentration (i.e., ¢ > 0.3) to see how the
confinement-induced changes in the suspension rheology affects
the fingering regimes. Finally, our preliminary experiments with
a bidisperse suspension reveal that small particles are entrained
into the thin film, while larger particles form particle-laden fin-
gers. Hence, we will further explore this new particle segregation
mechanism and pattern formation driven by channel confinement
as future work.
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Appendices

A. Validating the syringe pump rate

Fig.[5]shows the result of calibrating the syringe pump withdrawal
rate Q against the measured interface velocity V;. Our measure-
ments indicate that the experimental interface speed obtained
from image analysis is slightly lower than the theoretical value
given by Q/bw. Quantitatively, the mean and standard deviation
of the relative error between the theoretical and experimental in-
terface speeds are 11.1% and 11.0 %, respectively.
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Fig. 5 Experimentally measured interface speed compared with the the-
oretical prediction (Q/bw). The solid line represents the line of slope 1,
and the dashed lines denote the standard deviation of the relative error,
within which 72% of the data lie.

B. Fingering regimes for varying ¢

We plot the fingering regimes for varying ¢ and the capillary num-
ber Ca, while we fix the mean particle diameter (i.e., d = 525 um)
and the channel confinement b/d = 1.21. The results in Fig. [6]
show that the onset of air fingering decreases with ¢, which qual-
itatively matches the decrease in theoretical Ca,;, due to the in-
crease in the effective viscosity. The plot also shows that the criti-
cal capillary number for particle fingering decreases with ¢. This
result is also consistent with the fact that the presence of neigh-
boring particles causes particle-scale fingering to occur at lower
Vi, as the particles cluster together.

0.02f o o o o
I B o o o
RSN~ I - o o)
Ca T m o o
0.01%
[ o m .. O
o o o - .
o o o o
0k I AT I
0.1 0.2 0.3
stable ¢ ¢ air fingering O

particle-scale fingering Ml Cagi, ----

Fig. 6 A regime map of different interfacial dynamics as a function
of the capillary number Ca and the particle volume fraction ¢: stable
(diamond), particle-scale fingering (square), and air fingering (circle).
All the experiments are performed with d =525um and b/d = 1.21.

C Particle speed versus interfacial speed

We extract the speeds of the particle (V,,) and of the draining in-
terface (Vi) for the single particle experiments shown in Fig[3] The
plots point to some interesting features of the coupled particle-
interface motion. For both stable and air fingering regimes, the
particle initially moves slower than the interface (ie., V, < V})
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Fig. 7 Comparison of individual particle speed (V}) to the interface speed
(Vi) in stable, particle fingering, and air fingering regimes, respectively.
(a) In the stable regime (V; =,6mm/s), V, initially lags behind V; but
quickly catches up to V;, as the interface reaches the particle. The in-
set images (i and ii) show the exact frames where the speed transition
happens. (b) In the particle fingering regime (V; =,8 mm/s), the particle
slows down as the interface bends around it (inset image (ii)). Finally,
the interface wraps the particle as it moves away (inset (iii)), dragging
it at an average speed of 3.6mm/s. (c) In the air fingering regime
(Vi =,10mm/s), the particle begins to move at the interface speed once
it comes into contact with the interface. All the experiments are done
within a Hele-Shaw cell of confinement ratio, b/d = 1.035. The particle
size in all the videos is d = 1 mm, which also serves as the scale for the
images.

when the interface is more than one particle diameter away. How-
ever, as the interface moves closer to the particle, the particle
slowly speeds up and moves with the interface, such that V, = V.
Only in the particle-scale fingering regime, V,, remains consis-
tently lower than V; even after it comes into contact with the in-
terface. Furthermore, V, is shown to fluctuate widely (all below

View Article Online
DOI: 10.1039/D5SM00654F

Vi), as the interface engulfs the particle and forms a long liquid
thread.
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